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Abstract
Two embeddings Ψ1 and Ψ2 of a graph G in a surface Σ are equivalent if there is a homeomorphism
of Σ to itself carrying Ψ1 to Ψ2. In this paper, we classify the flexibility of embeddings in the torus with
representativity at least 4. We show that if a 3-connected graph G has an embedding Ψ in the torus with
representativity at least 4, then one of the following holds:
(i) Ψ is the unique embedding of G in the torus;
(ii) G has three nonequivalent embeddings in the torus, G is the 4-cube Q4 (or C4 × C4), and each
embedding of G forms a 4-by-4 toroidal grid;
(iii) G has two nonequivalent embeddings in the torus, and G can be obtained from a toroidal 4-by-4 grid
(faces are 2-colored) by splitting i (i  16) vertices along one-colored faces and replacing j (j  16)
other colored faces with planar patches.
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All graphs in this paper are undirected, finite and simple. We also assume that graphs are 3-
connected to avoid nonequivalent embeddings obtained by flipping 2-connected components. We
follow standard terminology of topological graph theory as used, for example, in [3]. Suppose
Ψ1 and Ψ2 are two embeddings of a graph in a surface Σ . Then Ψ1 and Ψ2 are equivalent if
there is a homeomorphism of Σ to itself carrying Ψ1 to Ψ2. If a graph can be embedded in a
surface, two natural questions of embedding flexibility arise: (1) (uniqueness problem) are there
other embeddings of the graph in the same surface that are not equivalent to the existing one;
and (2) (classification problem) if a graph has nonequivalent embeddings in a surface, then how
many nonequivalent embeddings are there and how are these embeddings related? Research on
these two problems can be tracked back to Whitney [11]. He proved that (i) every 3-connected
planar graph has essentially a unique embedding in the plane (the embedding is unique in the
sphere, and each face can be chosen to be the outer face as a plane embedding), and (ii) if G is
a 2-connected planar graph, then any two embeddings of G in the plane are Whitney equivalent,
i.e., one can be obtained from the other by a sequence of simple local twists (called Whitney’s
2-flippings). See, e.g., [3] for details. The uniqueness and classification of embeddings are two
important problems in topological graph theory, and have attracted much attention.
Let G be a graph, Σ be a surface, and Ψ :G → Σ be an embedding of G in Σ . Then the
representativity of Ψ is defined to be ρ(Ψ ) = min{|Γ ∩G|: Γ is a noncontractible simple closed
curve in Σ}. Robertson and Vitray [8] proved that if a 3-connected graph is embedded in an
orientable surface Sg (the sphere with g handles) with representativity at least 2g + 3, then
such an embedding is unique, and also a minimal genus embedding. Seymour and Thomas [10]
proved that if Ψ is an embedding of G in the surface Σ with ρ(Ψ ) 100 logκ/ log logκ , where
κ = 2 − χ is the Euler genus, then Ψ is the unique embedding of G in Σ . Mohar [1] proved that
if ρ(Ψ ) 5+ 2 logκ/(log log(κ)− log log log2(κ)), then Ψ is the unique embedding of G in Σ .
Mohar and Robertson [4] showed that, for each surface Σ , there is a uniform upper bound f (Σ)
such that every 3-connected graph G embeddable in Σ can have at most f (Σ) 3-representative
embeddings in Σ .
The results of Seymour and Thomas, and of Mohar are asymptotic results for surfaces of large
genera. It is reasonable to expect more accurate results on flexibility of embeddings for surfaces
with lower genera, such as the projective plane, the torus, and the Klein bottle. Robertson and
Vitray’s result shows that any embedding in the torus with representativity at least five is in
fact the unique embedding in the torus. Negami [5–7] studied embedding flexibility problem
for embeddings in the projective plane and the torus. (Note that, in Negami’s papers, graph
automorphism is under consideration and therefore the definition of uniqueness of embeddings
is different from that used in this paper.) In this paper, we study the uniqueness and flexibility of
toroidal embeddings with representativity at least four. We obtain the following main result.
Theorem 1.1. Let G be a 3-connected toroidal graph. If the representativity of an embedding of
G in the torus is at least 4, then all nonequivalent embeddings of G in the torus have represen-
tativity 4 and one of the following holds:
(i) Ψ is the unique embedding of G in the torus;
(ii) G has exactly three nonequivalent embeddings in the torus, then G is the 4-cube Q4 (or
C4 ×C4), and each embedding of G forms a 4-by-4 toroidal grid;
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4-by-4 grid whose faces are 2-colored by splitting i (i  16) vertices along faces of the first
color and replacing j (j  16) other-colored faces with planar patches (terms are defined
in Section 2).
Examples are provided in Section 6 to show that it could be a much harder problem if the
representativity condition is reduced to three.
In Section 2 we introduce some notation and terminology. In Section 3, we prove a necessary
condition for nonunique toroidal embeddings with representativity at least 4 which is the exis-
tence of a 4-by-4 grid or a split 4-by-4 grid as sub-embedding (see Theorem 3.3). In Section 4,
we prove that the 4-cube Q4 has exactly three nonequivalent embeddings in the torus. The main
theorem is proved in Section 5.
2. Notation and terminology
We use T to denote the torus (the sphere with one handle). A graph G is toroidal if G embeds
in T . Let Ψ be an embedding of G = G(Ψ ) in T . The closure of each connected component
of T \G(Ψ ) is called a face of Ψ (it is more convenient for us to consider closed faces instead
of open faces). The face set of an embedding Ψ in T is denoted by F(Ψ ). If the graph is 2-
connected and ρ(Ψ )  2 then each face f is bounded by a cycle, called a facial cycle, and is
denoted by ∂f . We also use ∂X to denote the boundary of a set X ⊂ T . Two vertices x and y are
cofacial by a face f if x, y ∈ ∂f . In this paper, we only study embeddings with ρ(Ψ ) 4, and
hence all faces are bounded by cycles in graphs. A cycle through vertices x, y, . . . , z is denoted
by Cx,y,...,z. Let X be a subset of T , then X is the closure of X and X◦ is the interior of X.
If D is a closed disk of T with boundary contained in G, then ∂D is a cycle of G. Let
f ∈ F(Ψ ) be a face of Ψ . The symmetric differences of ∂f and all the facial cycles incident
to f is a union of cycles of G, and because ρ(Ψ ) 4 one of these cycles bounds a disk which
contains f together with all the faces incident to f [2]. Name this disk by Df . We also call Df
the second disk of f . Note that the second disk Df consists of the face f , all faces incident to f ,
and all faces that surrounded by f and faces incident to f .
A connected subgraph of G(Ψ ) is essential if it contains noncontractible cycles, otherwise
it is a trivial subgraph. If Ψ is an embedding of G and H is a subgraph of G, then ΨH is the
subembedding obtained by restricting Ψ to H . Let C be a cycle of G and x and y be two vertices
on C. We use xCy to denote the arc of C from x to y along the clockwise direction (provided
that the clockwise direction is clearly defined or can be easily understood). Note that xCy may
or may not include its endvertices. We use [xCy] to denote the arc xCy with endvertices x and
y included, and (xCy) to denote the arc xCy with endvertices x and y excluded. The arcs [xCy)
and (xCy] are defined in a similar way.
A bridge B of a cycle C is a subgraph of G which is either an edge with both ends on C
or the union of a connected component H of G\C with the edges which join H to C and their
incident vertices. If B is a bridge of C, then we call each vertex in B ∩ C a vertex-attachment
(or simply attachment) of B on C. Let B and B ′ be two bridges of a cycle C in G. We say B
and B ′ avoid each other if there are two vertices x and y on C such that all attachments of B
are on [xCy] and all attachments of B ′ are on [yCx]. Two bridges B and B ′ of a cycle C are
said to be overlapping if they do not avoid each other. Furthermore, B and B ′ are said to be skew
if there are four distinct vertices x1, x2, y1, y2 in this cyclic order on the cycle C such that x1
and y1 are attachments of B on C, and x2 and y2 are attachments of B ′ on C. Suppose C is a
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contractible cycle of G(Ψ ) that bounds a contractible region D and B is a bridge of C. If B ∪C
is essential, then B is called an essential bridge of C, otherwise it is a nonessential bridge of C.
If B is a nonessential bridge of C and is embedded in D then B is called an inner bridge of C. If
an essential bridge of C is just an edge, then it is also called an essential edge. Assume we have
a fixed representation of T as in Fig. 2.1. A noncontractible cycle L is α-type (β-type) if it is
homotopic to the cycle C1,2,3,4 (C1,5,9,13) in Fig. 2.1, and L is αβ-type if it is homotopic to either
C1,2,3,4,16,13,9,5 or C1,2,3,4,8,12,16,13 in Fig. 2.1. An essential edge e = xy of a contractible cycle
C is α-type (β-type, αβ-type) if the cycle L = e ∪ [xCy] is homotopic to an α-type (β-type,
αβ-type, respectively) cycle.
Let Γ be a noncontractible simple closed curve in T that is homotopic to an α-type (β-type,
αβ-type, respectively) cycle. Suppose Γ ∩ G = {v1, v2, . . . , vk} and Γ is contained in ⋃ki=1 fi ,
where vi, vi+1 ∈ ∂fi (mod k), i = 1,2, . . . , k, and |∂fi ∩ ∂fj | = ∅ when |j − i| > 1. Then we say
f1, f2, . . . , fk form an α type (β-type, αβ-type, respectively) face ring. If ρ(Ψ ) 4, then every
noncontractible face ring has at least four faces.
Let f be a face of Ψ with the facial cycle ∂f = C. We may add some pairwise nonoverlapping
planar bridges B1,B2, . . . ,Bs of C to G and embed these bridges inside the face f . Call the new
graph G+ and the new embedding Ψ+. These bridges are inner bridges of C and C ∪ (⋃si=1 Bi)
is embedded in Σ in a closed disk bounded by C. The subembedding of C ∪ (⋃si=1 Bi) is called
a planar patch (or patch) of Ψ+ bounded by C. Note that if G has two nonequivalent embed-
dings in Σ both having C as a facial cycle, then G+ also has two corresponding nonequivalent
embeddings in Σ both having C ∪ (⋃si=1 Bi) embedded as a planar patch.
Let C4 be a cycle of length 4. The Cartesian product C4 × C4 is in fact the 4-cube denoted
as Q4. For convenience and the simplicity, we also allow each edge of C4 × C4 to be sub-
divided by some divalent vertices, i.e., Q4 means C4 × C4 or a subdivision of C4 × C4. An
embedding Ψ1 of Q4 in T , as in Fig. 2.1, is called a 4-by-4 toroidal grid which we abbre-
viate to a 4-by-4 grid (a 4-by-4 grid may also have some subdivided edges). All faces of Ψ1
can be 2-colored, say red and green. There are eight red faces and eight green faces, with all
green faces shaded. A cycle of C4 × C4 is called a red cycle if it bounds a red face in Ψ1, or a
green cycle if it bounds a green face in Ψ1. In addition we call four noncontractible “horizon-
tal” cycles C1,2,3,4,C5,6,7,8,C9,10,11,12,C13,14,15,16 and four noncontractible “vertical” cycles
C1,5,9,13,C2,6,10,14,C3,7,11,15,C4,8,12,16 in Ψ1 blue cycles.
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major vertices of a graph and contains no other major vertices in the middle is called a branch
of the graph. Two branches are adjacent if they have a major vertex in common. A branch that
is obtained by splitting a major vertex is called a new branch. A branch that is not a new branch
is called an old branch. Any embedding that is obtained by splitting some major vertices of a
4-by-4 grid into two trivalent major vertices joined by a branch is called a split 4-by-4 grid. The
associated graph is called a split Q4. If a 4-by-4 grid is Ψ1 with faces being 2-colored by red
and green, then a splitting of the 4-by-4 grid can be performed along two red faces or two green
faces. (A splitting along two red faces means that both sides of the new branch are red faces.
Note that splitting vertices not along faces may result in a nontoroidal graph.) All splittings in
this paper are performed along adjacent faces. We use Ψr (Ψg , Ψrg , respectively) to denote an
embedding which is obtained by splitting k (1  k  16) major vertices of Ψ1 along red faces
only (green faces only, both red faces and green faces, respectively). Let Gr,Gg and Grg be the
corresponding underline graphs of Ψr,Ψg and Ψrg . A split 4-by-4 grid is a mono-color split if
all new branches are incident with the same colored faces. Hence Ψr and Ψg are mono-color
split 4-by-4 grids but Ψrg is not. Faces of Ψr,Ψg and Ψrg can be colored with red and green
by inheriting the red-green face coloring of Ψ1. Note that the red-green face coloring of Ψ1 is a
proper face coloring, but the inherited red-green face coloring of Ψr,Ψg and Ψrg is not a proper
face coloring. A split 4-by-4 grid (whose underlying graph is a split Q4) also has three systems
of cycles: red, green and blue cycles, inherited from the corresponding systems of Q4 (a cycle C
in a split Q4 is red (green, blue) if it becomes a red (green, blue) cycle of Q4 after contracting
all new branches). In Ψr , all green cycles are quadrangular facial cycles, and in Ψg , all red cycles
are quadrangular facial cycles.
We refer the readers to [3] for terminology not defined here.
3. A necessary condition for nonunique embeddings
In this section, we provide a necessary condition for a 3-connected graph G which has an
embedding in the torus with representativity at least 4 and the embedding of G in the torus is not
unique.
Let Ψ be an embedding of G in the torus and D be a disk bounded by a cycle ∂D of G.
Suppose ∂D has two essential bridges B1 and B2 such that B1 ∩ ∂D ⊇ {v1, v4} and B2 ∩ ∂D ⊇
{v2, v3}, and v1, v2, v3, v4 are in this clockwise order on ∂D (see Fig. 3.1). If [v4∂Dv1] ∪ B1
contains a noncontractible cycle Q1 and [v2∂Dv3] ∪ B2 contains a noncontractible cycle Q2
such that Q1 and Q2 are homotopic and disjoint, then Q1 and Q2 separate the torus into two
cylinders. Name the cylinder containing D by TD and the other cylinder by TE (in most of our
cases, TE only contains edges in its interior). If B1 and B2 are also contained in TD then TD is
called a D-cylinder with four main vertices v1, v2, v3, v4. If TD contains all vertices of G and as
many faces of Ψ as possible, then TD is called a maximal spanning D-cylinder of Ψ . We first
prove two technical lemmas.
Lemma 3.1. Let Ψ be an embedding of a 3-connected graph G in T with ρ(Ψ ) 4. Suppose f
is a face of Ψ . Then
(i) Ψ contains a maximal spanning D-cylinder TD with four main vertices v1, v2, v3, v4, such
that the disk D contains the disk Df (the second disk of f );
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(ii) The vertices v1 and v4 are cofacial by a face f1 ⊂ TD\D, and v2 and v3 are cofacial by a
face f2 ⊂ TD\D (f1 and f2 may be the same face). Except for B1 and B2, all other part of G
contained in TD\D (if any) can only be essential edges each has one endvertex on [v1∂Dv2]
and the other endvertex on [v3∂Dv4].
Proof. By [9], Ψ contains three pairwise disjoint homotopic noncontractible cycles O1,O2
and O3. We may assume that they are β-type cycles. These three cycles separate T into three
cylinders T1, T2 and T3, with Ti bounded by Oi and Oi+1 (mod 3), i = 1,2,3. Suppose f is
contained in T1.
Let Df be the second disk of f . We now consider Df ∪T1. If Df ⊂ T1, then Df ∪T1 = T1. If
Df ⊂ T1, then at least one of Df ∩ T2 and Df ∩ T3 is not empty. First we assume Df ∩ T2 = ∅.
Let K be a connected component of Df ∩ T2. As indicated in Section 2, Df \f consists of
(only) all faces incident to f and all faces that are surrounded by f and faces incident to f (i.e.,
bounded by contractible simple closed curves contained in f ∪ {g | g has a vertex in common
with f }). Each component of K ∩ O2 must contain ∂f ∩ ∂g for some faces g ⊂ K incident
to f . Since Df is a contractible closed disk, we know that each component of K ∩ O2 is a
path of G. Let Pab = K ∩ O2, where a is the vertex above b in a vertical drawing of O2. Then
Γ2 = [O2\Pab] ∪ [a∂Kb] is homotopic to O2. The new cylinder bounded by O1 and Γ2 that
contains f is a larger cylinder containing T1 since it contains a component of Df ∩ T2.
Repeat this procedure one by one to all components of Df ∩ T2 consecutively we obtain a
cylinder containing T1 ∪ (Df ∩ T2). Now we perform the same operation to each component of
Df ∩ T3 consecutively. Note that Df ∩ T2 and Df ∩ T3 are disjoint, and hence each extension
will not induce any noncontractible cycles that is not homotopic to O1. Eventually we obtain a
larger cylinder T ′1 containing both Df ∩T2 and Df ∩T3. In fact T ′1 = T1 ∪Df and T ′1 is bounded
by two cycles each is homotopic to O1.
Now let TD be a cylinder that contains T ′1 (= T1 ∪ Df ), where D ⊇ Df is a closed disk
such that TD contains as many faces of Ψ as possible and D contains as many faces of Ψ in
TD as possible. Suppose TD is bounded by Q1 and Q2, where Q1 and Q2 are two homotopic
noncontractible cycles in G. Since TD ⊇ T1, both Q1 and Q2 are homotopic to O1. We first
prove TD is a maximal spanning cylinder.
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interior of TE , where TE is the second cylinder bounded by Q1 and Q2 that does not contain Df .
Since G is 3-connected, v has three disjoint paths joining three vertices on Q1 ∪ Q2. Therefore
two paths go to, say Q1. Together with a section of Q1, these two paths bound a disk. Hence we
can enlarge TD to include v and more faces, a contradiction. Thus TD is a spanning cylinder, and
hence by the choice of TD , it is a maximal spanning cylinder.
We now consider all bridges of ∂D in TD . Since the disk D contains as many faces of Ψ
contained in TD as possible, Q1 ∩ ∂D (Q2 ∩ ∂D) is a path of ∂D. Let Q1 ∩ ∂D = v4∂Dv1, and
Q2 ∩ ∂D = v2∂Dv3, as shown in Fig. 3.1. Let Q′1 = Q1\(v4∂Dv1) and Q′2 = Q2\(v2∂Dv3) and
B1 is the bridge that contains Q′1 and B2 is the bridge that contains Q′2. Then Q′1 ∩∂D = {v1, v4}
and Q′2 ∩ ∂D = {v2, v3}, and v1, v2, v3, v4 are on ∂D in this clockwise order. Let v be a vertex
contained in TD but not contained in Q1 ∪ Q2 ∪ D. Then all paths (at least three) joining v and
Q1 ∪ Q2 ∪ D must land on Q′1 or Q′2 only (cannot on both), otherwise we can extend D to a
larger disk in TD . Therefore each vertex in TD\D belongs to either B1 or B2, B1 ∩ ∂D = {v1, v4}
and B2 ∩ ∂D = {v2, v3}. Furthermore all bridges of ∂D contained in TD are B1, B2, and possibly
some essential edges each with one endvertex on [v1∂Dv2] and the other endvertex on [v3∂Dv4].
Either Q′1 (Q′2) is just an edge v1v4 (v2v3), or v1 and v4 form a 2-vertex-cut in TD and v2 and
v3 form a 2-vertex-cut in TD . Hence v1 and v4 are incident to a face, say f1, and v2 and v3
are incident to a face, say f2, in TD\D. Note that f1 and f2 may be the same face. Therefore
Lemma 3.1 is true. 
Lemma 3.2. Let G be a 3-connected toroidal graph and Ψ be an embedding of G in T with
ρ(Ψ )  4. Let TD be a maximal spanning D-cylinder with four main vertices vi , i = 1, . . . ,4,
as defined in Lemma 3.1. If there exists an embedding Ψ ′ of G in T that is not equivalent to Ψ ,
then all bridges of the cycle ∂D are α-type and β-type essential edges. In addition, each α-type
essential edge has one endvertex on [v4∂Dv1] and the other endvertex on [v2∂Dv3], and each
β-type essential edge has one endvertex on [v1∂Dv2] and the other endvertex on [v3∂Dv4].
Proof. By [8], G has a unique embedding in T if ρ(Ψ ) 5. Therefore ρ(Ψ ) = 4. The idea of
the proof is to show first that if a second embedding of G exists, then the subgraph H2 consisting
of ∂D and all its essential bridges should be a planar graph. We next show that if ∂D has all three
types of essential bridges (α-type, β-type and αβ-type), then H2 must contain a subdivision of
K3,3, which is a contradiction.
Let Ψ ′ be an embedding of G in T that is not equivalent to Ψ . Hence Ψ and Ψ ′ do not have
the same set of facial walks. Let f ∈ F(Ψ ) whose facial cycle ∂f is not a facial cycle of Ψ ′.
Let Df be the 2nd disk of f and D ⊇ Df be a closed disk with TD being a maximal spanning
D-cylinder given by Lemma 3.1. Since ∂f has only one bridge in G and ∂f is not a facial cycle
in Ψ ′, it must be a noncontractible cycle in Ψ ′. Let H1 and H2 be the subgraphs of G obtained
from G by deleting all vertices in the interior of Df and D, respectively. Then H2 ⊆ H1. Because
H1 is disjoint from ∂f , there exists a noncontractible simple closed curve Γ in T (parallel to ∂f
in Ψ ′) with Γ ∩ Ψ ′H1 = ∅. Therefore ρ(Ψ ′H1) = 0 and hence H1 is a planar graph. Since H2 is a
subgraph of H1, H2 is also a planar graph. These facts will be frequently used and we refer them
as
Proposition 1. H1 and H2 are planar graphs, and ∂Df and ∂D none has three mutually skew
paths in H2 (otherwise they contain a subdivision of K3,3).
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2-representative embeddings in a nonspherical surface, see [8]). Therefore ∂D cannot be a facial
cycle in any planar embedding of H2, otherwise we can embed the deleted part of G inside
the face bounded by ∂D to obtain a planar embedding of G. Hence ∂D must have overlapping
bridges in H2, otherwise we have a planar embedding of H2 such that all bridges of ∂D in H2
are on the outside of ∂D, which leaves ∂D as a facial cycle, a contradiction. Let B3 and B4 be
two overlapping bridges of ∂D in H2. Note that both B3 and B4 are embedded in T \D. Because
B3 and B4 are overlapping, ∂D ∪ Bi , i = 3,4, is embedded in a noncontractible set of T , i.e.,
both B3 and B4 are essential bridges of ∂D in Ψ . Since TD is a maximal spanning cylinder,
TE contains no vertices in its interior, and each edge in TE has one endvertex on Q1 and the
other endvertex on Q2.
Claim 1. There exist two disjoint α-type essential edges e1 = x1y1, e2 = x2y2 ⊂ TE with x1, x2 ∈
(v4∂Dv1) and y1, y2 ∈ (v2∂Dv3).
Proof of Claim 1. Since ρ(Ψ )  4, there are at least two disjoint edges e1 = x1y1 and e2 =
x2y2 in TE with x1, x2 ∈ (v4∂Dv1) (otherwise, a noncontractible simple closed curve Γ through
v1, v4, f1 (⊆ TD\D) and at most two faces in TE intersect G at most three times, a contradiction).
Similarly, there are at least two disjoint edges e3 = x3y3 and e4 = x4y4 in TE with y3, y4 ∈
(v2∂Dv3). Claim 1 will be true if we can choose e1 = e3 and e2 = e4.
Suppose Claim 1 is not true. Without loss of generality, we may choose ei , i = 1, . . . ,4, such
that x1, x2, y3, y4 are as close to v1, v4, v2, v3 as possible, respectively. First we assume that there
does not exist ei , i = 1, . . . ,4, such that xi ∈ (v4∂Dv1) and yi ∈ (v2∂Dv3). Hence y1 and y2 are
contained in Q′2 and x3 and x4 are contained in Q′1. Note that e1 and e2 separate TE into two
connected components. If y1 is between y2 and v2 on Q′2, then one of x1y1 and x2y2 is an α-type
essential edge and the other is an αβ-type essential edge. In this case, [x2∂Dx1] and (v2∂Dv3)
are in the same component, and it forces that x3 ∈ [x2∂Dx1] and y3 ∈ (v2∂Dv3), contradicting
the assumption. If y2 is between y1 and v2 on Q′2, then x1y1 and x2y2 are both α-type or both
αβ-type essential edges, and [x2∂Dx1] and (v2∂Dv3) should be contained in different compo-
nents (otherwise x3 ∈ [x2∂Dx1] and y3 ∈ (v2∂Dv3), contradicting the assumption). Now Q′1, e1
and e2 are three mutually skewed paths of ∂D (extend y2 to v2, and extend y1 to v4), again a
contradiction. Therefore we may assume that one of ei is an essential edge with xi ∈ (v4∂Dv1)
and yi ∈ (v2∂Dv3).
By symmetry, we may assume that e1 is such an edge, i.e., x1 ∈ (v4∂Dv1) and y1 ∈ (v2∂Dv3).
We may assume e1 is an α-type edge. (If e1 is a γ -type essential edge with γ homotopic to αβk ,
k  1, then we can apply the surface homeomorphism by replacing {α,β} with {αβk,β} as the
generator of the torus.) If Claim 1 is not true then y2 /∈ (y1∂Dv3). If y2 ∈ Q2\[y1∂Dv3], then e1,
Q′1 and e2 are three mutually skewed paths of ∂D (we may contract a section of Q′2 if y2 ∈ (Q′2)◦,
a contradiction). This implies that y2 = v3. Any edge in TE with one endvertex on (y1∂Dv3) must
have x1 as the other endvertex, and any edge in TE with one endvertex in (v2∂Dy1) must have
v1 as the other endvertex (otherwise Claim 1 would be true, or A′2, x1y1 and e plus a path on Q′1
are three mutually skewed paths of ∂D). The choice of y3 implies that x3 = v1 and x1 = x4. This
is due to that (i) if y3 = y1, then y3 ∈ (v2∂Dy1) and x3 /∈ (x1∂Dv1). If x3 ∈ Q1\(x2∂Dv1], then
x1y1,Q
′
2 and x3y3 (with possible extension if x3 ∈ (Q1)◦) are three mutually skewed paths of ∂D
(with possible contraction if x3 ∈ (v4∂Dx2]), a contradiction. Therefore x3 = v1. It is also true
that x1 = x4 (since y4 ∈ [y1∂Dv3), and Claim 1 would be true if y4 = y1 and x4 = x1); and (ii) if
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Claim 1 is false), and x3 /∈ Q1\(x2∂Dv1]. By the three mutually skewed paths argument, x3 = v1.
Since x3 = v1, x3y3 is an edge, y3 ∈ (v2∂Dy1], and by the choice of x1, v1 and x1 are cofacial
by a face f3 in TE . By the choice of x2, if there is any edge in TE with one endvertex on
(x2∂Dx1), the other endvertex must be v3. By the choice of y4, if there is any edge in TE with
one endvertex on (y4∂Dv3), then the other endvertex must be x1. Therefore x1 and v3 are cofacial
by a face f4 in TE , and thus v1 and v3 are joined by f3 and f4 via x1. The 4-representativity
condition requires that v1 and v3 are not cofacial by a face in the disk N bounded by Q′1 ∪
v1y3 ∪ [v2∂Dy3] ∪ Q′2 ∪ v3x2 ∪ [v4∂Dx2] (the disk at the corner). Therefore in N there is a
path Pst from (v1∂Nv3) to (v3∂Nv1), with s ∈ (v1∂Nv3) and t ∈ (v3∂Nv1). Since y3v1 and
x2v3 are edges in TE and there does not exist any edge in TE with endvertex on (v2∂Dy3] or
(v4∂Dx2], v1 and v2 are cofacial by a face in TE and v3 and v4 are also cofacial by a face
in TE . The 4-representativity condition requires that there exist two edges in TD\D each with
one endvertex on (v1∂Dv2) and the other endvertex on [v3∂Dv4] to separate v1 and v2 in TD\D,
and there exist two edges in TD\D each with one endvertex on (v3∂Dv4) and the other endvertex
on [v1∂Dv2] to separate v3 and v4 in TD\D. This implies that there exists an edge w1w2 with
w1 ∈ (v1∂Dv2) and w2 ∈ (v3∂Dv4). Since x2v3 and v1y3 are edges and by choices of x2 and y3,
we have s ∈ (v1∂Nv4] ∪ {x2} and t ∈ (v3∂Nv2] ∪ {y3}. Now x1y1,Pst ,w1w2 are three mutually
skewed paths of ∂D, a contradiction again. Therefore Claim 1 is true. 
Claim 2. v1 and v2, as well as v3 and v4, are not cofacial by a face f ⊂ TD\D, respectively.
Proof of Claim 2. Suppose Claim 2 is not true. By symmetry we may assume that v1 and v2 are
cofacial in TD\D. Let M be the disk bounded by the cycle through v2, y1, x1, v1, v4, x2, y2, v3,
i.e., the disk at the corner in Fig. 3.1. Since ρ(Ψ )  4, there must exist two disjoint paths
Pu1w1 and Pu2w2 in M to separate v1 and v2, with u1, u2 ∈ (v2∂Mv1) and w1,w2 ∈ (v1∂Mv2)
(see Fig. 3.2). Since x1y1 and x2y2 are edges, we have u1, u2 ∈ (v2∂My1] ∪ [x1∂Mv1), and
w1,w2 ∈ (v1∂Mx2] ∪ [y2∂Mv2). (Note: (v2∂My1] = (v2∂Dy1] and [x1∂Mv1) = [x1∂Dv1).)
The maximality of TD implies that there is no path in M from a vertex on (v2∂My1] to a ver-
tex on [y2∂Mv2), or from a vertex on [x1∂Mv1) to a vertex on (v1∂Mx2]. We first assume
u1, u2 ∈ (v2∂My1] (= (v2∂Dy1]). In this case, we have w1,w2 ∈ (v1∂Mx2]. We may assume
u1 ∈ (v2∂Mu2) (i.e., u1 is closer to v2 than u2 is). Then Q′2,Pu1w1 and x1y1 are three mutually
skewed paths of ∂D, a contradiction (if w1 in on Q′1, then we need to extend Pu1w1 to v4). There-
fore u1 and u2 cannot be both on (v2∂Dy1]. By a similar argument and by symmetry, u1 and u2
cannot be both on [x1∂Mv1) (= [x1∂Dv1)). However, this is impossible since w1 must be on
(v1∂Mx2] and w2 must be on [y2∂Mv2) (by the maximality of TD and Pu1w1 ∩ Pu2w2 = ∅).
Hence Claim 2 is true. 
Claim 3. There exists a β-type essential edge xy ⊂ TD\D such that x ∈ (v1∂Dv2) and y ∈
(v3∂Dv4).
Proof of Claim 3. By Claim 2, there is a vertex p1 ∈ (v1∂Dv2) and a vertex q1 ∈ (v3∂Dv4),
such that p1 is an endvertex of a β-type essential edge h1, and q1 is an endvertex of a β-type
essential edge h2. Both h1 and h2 are contained in TD\D. Suppose Claim 3 is not true. Then the
other endvertex of h1 must be either v3 or v4, and the other endvertex of h2 must be either v1
or v2. By symmetry, we may assume h1 = p1v3 and h2 = q1v1. All possible essential edges in
TD\D are piv3, i = 1,2, . . . , k, and qjv1, j = 1, . . . , l. Let pk be the farthest vertex on v1∂Dv2
52 N. Robertson et al. / Journal of Combinatorial Theory, Series B 98 (2008) 43–61Fig. 3.2.
from v1 among all pi ’s, and ql be the farthest vertex on (v3∂Dv4) from v3 among all qj ’s. Thus
pk and ql are cofacial by a face f3 in TD\D. Faces f1 and f3 are a face-chain joining v1, v4
and v2. To guarantee ρ(Ψ )  4, there must exist an edge u1w1 in M to separate v1 and v2,
with u1 ∈ (v2∂My1] ∪ [x1∂Mv1) and w1 ∈ (v1∂Mx2] ∪ [y2∂Mv2) (see Fig. 3.2). By symmetry,
we may assume that u1 ∈ (v2∂My1]. Therefore, by the maximality of TD , w1 ∈ (v1∂Mx2]. If
u1 ∈ (v2∂My1) (i.e., u1 = y1), then Q′2, u1w1 and x1y1 are three disjoint mutually skewed paths
of ∂D, a contradiction. If w1 ∈ (v1∂Mx2) (i.e., w1 = x2), then Q′2, u1w1 (need to be extended to
v1 if w1 ∈ (v1∂Mv4)) and x2y2 are three disjoint mutually skewed paths of ∂D, also a contradic-
tion. Thus all edges u1w1 in M from (v2∂Mv1) to (v1∂Mv2) must be either u1 = y1, w1 = x2
or u1 = x1, w1 = y2, but not both. Without loss of generality, we may assume that y1x2 is an
essential edge, which is an αβ-type essential edge. Now the disk M is divided by x2y1 into two
disks, M1 and M2, with ∂M1 = Cx2y1x1v1v4 and ∂M2 = Cx2y1v2v3y2 , and both M1 and M2 are
faces (i.e., both ∂M1 and ∂M2 are facial cycles).
Now f3,M1,M2 form an α-type face ring (through v2, y1 and v4) of size 3, a contradiction.
Hence Claim 3 is true. 
Claim 4. There is no edge x3y3 with x3 ∈ Q1\[v4∂Dv1] and y3 ∈ Q2, or x3 ∈ Q1 and y3 ∈
Q2\[v2∂Dv3].
Proof of Claim 4. By symmetry, we only need to prove one of these two cases. Assume x3 ∈
Q1\[v4∂Dv1]. It is clear that y3 /∈ (y1∂Dy2) since x1y1 ∪ [x1∂Dy1] and x2y2 ∪ [y2∂Dx2] bound
two cylinders, and x3 and (y1∂Dy2) belong to different cylinders. If y3 ∈ [y2∂Dv3] then xy, x1y1
and a path from v1, through x3 to y3, are three mutually skewed paths of ∂D, a contradiction.
If y3 ∈ Q2\(y1∂Dv3], then xy, x2y2 and a path from v4, through the edge x3y3, to v2 are three
mutually skewed paths of ∂D, also a contradiction. Thus Claim 4 is true. 
By Claim 4, each essential edge in TE has one endvertex on [v4∂Dv1] and the other endvertex
on [v2∂Dv3]. This implies that the bridge B1 is just an essential edge, which is v1v4, otherwise
v1 and v4 form a 2-vertex cut of G, a contradiction (G is 3-connected). Similarly the bridge B2
is also an essential edge, which is v2v3.
Claim 5. There is no edge x4y4 ∈ TE with x4 ∈ [x1∂Dv1] and y4 ∈ [y2∂Dv3], or x4 ∈ [v4∂Dx2]
and y4 ∈ [v2∂Dy1].
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[x1∂Dv1] and y4 ∈ [y2∂Dv3]. If x4 = x1 then xy, x1y1, x4y4 are three mutually skewed edges
of ∂D, a contradiction. If x4 = x1 and y4 = y2 then xy, x2y2, x4y4 are three mutually skewed
edges of ∂D, also a contradiction. Now the only possible essential edge in TE\D1 is either
x4 = x1 and y4 = y2 or x4 = x2 and y4 = y1 (but cannot be both). Without loss of generality, we
may assume x4 = x1 and y4 = y2. Since ρ(Ψ ) = 4, there must exist essential edges contained
in D1 with one endvertex on (x2∂Dx1) and the other endvertex on (y1∂Dy2), otherwise there
exists a noncontractible simple closed curve in T intersecting G only at x1 and x2, or x1 and y2,
a contradiction. Let x5y5 be the essential edge with x5 ∈ (x2∂Dx1) and y5 ∈ (y1∂Dy2). But
then xy, x4y4 (= x1y2) and x5y5 are three mutually skewed edges of ∂D, also a contradiction.
Therefore Claim 5 is also true. 
By Claims 4 and 5, we know that all essential bridges of ∂D are edges, and they are only α-
type and β-type essential edges. There is a symmetry between α-type essential edges and β-type
essential edges of ∂D. Thus Lemma 3.2 is true. 
We have the following necessary condition for any 3-connected toroidal graph that has non-
equivalent embeddings in the torus.
Theorem 3.3. Let G be a 3-connected toroidal graph and Ψ be an embedding of G in T with
ρ(Ψ ) 4. If there exists an embedding Ψ ′ of G in T that is not equivalent to Ψ , then Ψ contains
either a 4-by-4 grid or a split 4-by-4 grid as its sub-embedding.
Proof. Let D and TD be the same as in Lemma 3.1. By Lemma 3.2, all essential bridges of
∂D are α-type and β-type edges. All α-type edges are contained in TE , each has one end-
vertex on [v4∂Dv1] and the other endvertex on [v2∂Dv3]. Since ρ(Ψ )  4, there exist four
disjoint α-type essential edges aibi , i = 1,2,3,4, in TE from [v4∂Dv1] to [v2∂Dv3] with
ai ∈ [v4∂Dv1] and bi ∈ [v2∂Dv3]. Clearly a4, a3, a2, a1, b1, b2, b3, b4 are listed in this clockwise
order on ∂D. We choose a1, b1, a4, b4 such that they are as close to v1, v2, v4, v3 as possible,
respectively. We choose a2, b2, a3, b3 such that they are as close to a1, b1, a4, b4 as possible,
respectively. By Lemmas 3.1 and 3.2, the face contained in TD\D with the edge v1v4 on its
boundary is f1, and the face contained in TD\D with the edge v2v3 on its boundary is f2.
Again, as in the proof in Lemma 3.2, let M be the face contained in TE which is bounded by
v1v4, [v4∂Da4], a4b4, [b4∂Dv3], v3v2, [v2∂Db1], b1a1, [a1∂Dv1] (the face at the “corner” of the
torus).
We now show that Ψ contains four disjoint α-type cycles including α1 = a1b1 ∪ [a1∂Db1]
and α4 = a4b4 ∪ [b4∂Da4]. We also construct α2 and α3 such that a2b2 ⊂ α2 and a3b3 ⊂ α3.
Claim 1. There exist two disjoint paths Ps1t1 and Ps2t2 in D with Ps1t1 ∩ ∂D = {s1, t1}, Ps2t2 ∩
∂D = {s2, t2}, s1, s2 ∈ (a4∂Da1), t1, t2 ∈ (b1∂Db4).
Proof of Claim 1. Let G(D) be the subgraph of G contained in D. Suppose Claim 1 is not
true. Then by Menger’s theorem either there exists a 2-vertex-cut {u1, u2} or a 3-vertex-cut
{u1, u2, u3} of G(D) with u1 ∈ [v1∂Dv2] and u2 ∈ [v3∂Dv4] that separates (v4∂Dv1) from
(v2∂Dv3). We first consider the case of 2-vertex-cut. Let the face contained in D with both
u1 and u2 on its boundary be g. Then g separates D into two components, called the left com-
ponent (containing [v4∂Dv1]) Dl and the right component Dr . Without loss of generality, we
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of G obtained from G by deleting all interior vertices in Dl ∪ g. Since ρ(Ψ )  4, any part of
∂g ∩ [v1∂Dv2] and any part of ∂g ∩ [v3∂Dv4] are not cofacial in TD\D. Therefore v3 and v4
cannot both be on the boundary of g. One of v3 and v4 does not belong to the boundary of Dl ∪g.
We may assume that v3 /∈ ∂(Dl ∪g). Let P3 = a3b3 ∪[b3∂Dv3]∪Q′2 ∪[u1∂Dv2]. Then Q′1, a2b2
and P3 are three mutually skewed paths of ∂(Dl ∪ g). Hence H3 is not planar. This contradicts
the fact that H1 is planar and H2 ⊂ H3 ⊂ H1. Therefore there does not exist any 2-vertex-cut in
G(D) separating (v4∂Dv1) and (v2∂Dv3).
We now consider the case when there is a 3-vertex-cut {u1, u2, u3} of G(D) with u1 ∈
[v1∂Dv2] and u2 ∈ [v3∂Dv4] that separates (v4∂Dv1) from (v2∂Dv3). Let g1 and g2 be two
faces in G(D) with u1, u3 ∈ ∂g1 and u2, u3 ∈ ∂g2 and u3 ∈ ∂g1 ∩ ∂g2. Thus g1 and g2 separate
D into two components. Call the left component containing [v4∂Dv1] Dl and the right compo-
nent Dr . Again we may assume that f ⊂ Dl . We first assume that u3 /∈ ∂f or ∂g1 ∩ ∂g2 is an
edge. In this case Df ⊆ Dl ∪g1 ∪g2 and v3 /∈ ∂Df . (If ∂g1 ∩∂g2 is an edge, let u3 be the endver-
tex of the edge that belongs to Dr , and then use the same argument as in the previous paragraph.)
Let P3 = a3b3 ∪ [b3∂Dv3] ∪Q′2 ∪ [u1∂Dv2]. Then Q′1, a2b2 and P3 are three mutually skewed
paths of ∂(Dl ∪ g1 ∪ g2). Hence H3 is not planar, a contradiction.
We next assume u3 ∈ ∂f and ∂g1 ∩∂g2 = u3. If [v2∂Db1]∩∂Df = ∅ and [b4∂Dv3]∩∂D = ∅,
say w1 ∈ [v2∂Db1] ∩ ∂Df and w2 ∈ [b4∂Dv3] ∩ ∂D, then w1 and u3 are cofacial by a face
f4 ⊂ Df , and w2 and u3 are cofacial by a face f5 ⊂ Df . Thus M,f4, f5 is a β-type face ring
of length 3, a contradiction. Hence we may assume [b4∂Dv3] ∩ ∂D = ∅. Now Q′1, a2b2 and P3
(= a3b3 ∪[b3∂Dv3]∪Q′2 ∪[u1∂Dv2]) are three mutually skewed paths of ∂(Dl ∪g1 ∪g2). Thus
H3 is not planar, again a contradiction. Therefore there does not exist any 2-vertex cut or 3-vertex
cut to separate (v4∂Dv1) from (v2∂Dv3). By Menger Theorem, Claim 1 is true. 
Let the disk bounded by Ps1t1 and s1∂Dt1 be D1, the disk bounded by Ps1t1 ,Ps2t2 , s2∂Ds1,
t1∂Dt2 be D2, and the disk bounded by Ps2t2 and [t2∂Ds2] be D3. We choose Ps1t1 and Ps2t2
such that D2 contains as many faces of D as possible.
Claim 2. {s1, s2} ⊂ [a2∂Da1].
Proof of Claim 2. By the choice of Ps2t2 , s2 should be as close to a4 as possible. By the choice of
a2b2, any edge in TE with one endvertex on (a2∂Da1) must have b1 as the other endvertex, and
any edge in TE with one endvertex on (b1∂Db2) must have a1 as the other endvertex. Therefore
either a1 and a2 are cofacial, or b1 and a2 are cofacial by a face f6 ⊂ TE . By the choice of Ps2t2 ,
there does not exist any path Pst ⊂ D with s ∈ (a4∂Da2) and t ∈ (Ps2t2)◦. Hence there is a face f7
with a2 and z ∈ [b4∂Da4] on its boundary. If ∂f7 ∩ [v4∂Da4] = ∅, then M,f6, f7 is a αβ-type
face ring of length 3, a contradiction. If ∂f7 ∩ [b4∂Dv3] = ∅, then M,f5, f7 is a αβ-type face
ring of length 3, also a contradiction. Therefore ∂5 ∩ ∂D ⊂ {a2} ∪ (v3∂Dv4). Thus c3d3, a2b2,
P (= v1v4 ∪ v4∂Da4 ∪ a4b4) are three mutually disjoint paths of ∂D∗, where D∗ is the disk
obtained from D by removing the disk at the low-left part separated by the face f5, again a
contradiction. Thus Claim 2 is true. 
Similar to Claim 2, {s1, s2} ⊂ (a4∂Da3], {t1, t2} ⊂ (b1∂Db2], and {t1, t2} ⊂ [b3∂Db4). Thus
s1 ∈ (a3∂Da1), s2 ∈ (a4∂Da2), t1 ∈ (b1∂Db3) and t2 ∈ (b2∂Db4), and s2, s1, t1, t2 are in the
clockwise order on ∂D.
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α3 = a3b3 ∪Ps2t2 (possibly including short sections on ∂D), and α4 = a4b4 ∪ b4∂Da4. Then αi ,
i = 1, . . . ,4, are four disjoint α-type noncontractible cycles.
Since α-type essential edges and β-type essential edges of D are symmetric, by a similar
argument, there exist four disjoint β-type cycles βi , i = 1, . . . ,4, with β1 = Q1, β4 = Q4. Put
αi ’s and βi ’s together we obtain a 4-by-4 grid, or a split 4-by-4 grid. Hence Theorem 3.3 is
true. 
4. Embeddings of Q4 (C4 ×C4) in the torus
We first present three nonequivalent embeddings of Q4 in the torus: Ψ1 (Fig. 2.1),
Ψ2 (Fig. 4.1(a)) and Ψ3 (Fig. 4.1(b)). All three embeddings are quadrangulations of the torus. The
nonequivalence of these three embeddings is easy to check since the facial cycle C1,2,6,5 in Ψ1
(contractible) becomes a noncontractible cycle in Ψ2, the facial cycle C2,3,7,6 in Ψ1 becomes a
noncontractible in Ψ3, and the facial cycle C3,2,6,7, in Ψ2 becomes a noncontractible in Ψ3.
In Ψ1, the blue cycles are noncontractible and they form a 4-by-4 grid. The red and green
cycles bound sixteen faces, with eight red faces and eight green faces. In Ψ2, the red cycle form
a 4-by-4 grid, and the green and blue cycles bound sixteen faces which can be 2-colored by
green and blue accordingly. In Ψ3, the green cycles form a 4-by-4 grid, and the red and blue
cycles bound sixteen faces which can be 2-colored by red and blue accordingly. In the rest of this
section, we show that these are the only nonequivalent embeddings of Q4 in the torus.
Theorem 4.1. The 4-cube Q4 has exactly three nonequivalent embeddings Ψ1, Ψ2 and Ψ3, de-
picted in Figs. 2.1 and 4.1.
Proof. Let Ψ be an embedding of Q4 in the torus T . By Euler’s formula, Ψ has sixteen faces.
Since Q4 is a simple bipartite graph, each face has size at least four. On the other hand, each face
has size at most four because Q4 has only 32 edges. Therefore we have
Claim 1. Ψ has exactly sixteen faces each of size four.
Suppose Ψ is an embedding of Q4 that is not equivalent to Ψ1. Then, similar to the argument
at the beginning of the proof of Theorem 3.1, there is a face f ∈ F(Ψ1) such that ∂f is a non-
(a) (b)
Fig. 4.1. (a) Ψ2(Q4), (b) Ψ3(Q4).
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contractible cycle in Ψ . By symmetry, we may assume f ∈ F(Ψ1) is the red face bounded by
the red cycle C1,2,6,5. By Claim 1, Ψ has sixteen quadrangular faces. Since there are only three
4-cycles, C1,2,3,4,C1.2,6,5 and C1,2,14,13 containing the edge v1v2 with C1,2,6,5 noncontractible
in Ψ , the two quadrangular faces in Ψ having v1v2 on their boundary must be the faces bounded
by C1,3,3,4 and C1,2,14,13, respectively. Without loss of generality, we may put the face bounded
by C1,2,3,4 on the left side of the noncontractible cycle C1,2,6,5, and put the face bounded by
C1,2,14,13 on the right side of C1,2,6,5 (see Fig. 4.2).
Apply the same argument to the edge v2v6 and then to the edge v6v5. We know that the two
faces having v2v6 on their boundaries are the faces bounded by C2,6,10,14 and C2,6,7,3, respec-
tively. The embedding of these two faces are uniquely determined without ambiguity. Similarly,
two faces having v6v5 on their boundaries are bounded by C6,5,8,7 and C6,5,9,10, and their em-
beddings are uniquely determined.
We now look at the two faces with v1v5 on its boundary. These two faces are bounded by
C1,5,9,10 and C1,5,8,4. We need to embed edges v9v13 and v4v8. If the cycle C4,3,7,8 is contractible
in Ψ , then the vertices v3 and v7 are contained inside the contractible cycle C4,1,2,6,5,8 which is
a Jordan curve separating the torus into two parts, and thus we are not able to embed the edge
v3v15. Therefore the cycle C4,3,7,8 must be noncontractible in Ψ . Since it is disjoint from the
noncontractible cycle C1,2,6,5, it must be homotopic to C1,2,6,5, hence the embedding of the edge
v4v8 is uniquely determined, as shown in Fig. 4.2. Similarly, the embedding of the edge v9v13 is
also uniquely determined, the cycle C9,10,14,13 is noncontractible and is homotopic to C1,2,6,5.
Applying the same argument, we uniquely determine, in turn, the embeddings of faces
bounded by C4,3,15,16,C3,7,11,15,C7,8,12,11 and then the edge v12v16 which forces the cycle
C16,15,11,12 to be noncontractible and homotopic to C1,2,6,5.
Now the embedding of the four remaining edges v13v16, v14v15, v10v11 and v9v12 are easily
determined since they must be embedded in a cylinder bounded by C13,14,10,9 and C16,15,11,12.
This embedding turns out to be Ψ2 (Fig. 4.1(a)). All red cycles in Ψ1 become noncontractible
in Ψ2 and they form a 4-by-4 grid. The faces in Ψ2 can be two colored, one color-class consists
of faces bounded by blue cycles (which are noncontractible in Ψ1), and the other color-class
consists of faces bounded by green cycles.
As Ψ2 can be considered as the re-embedding of Ψ1 by letting the red facial cycles C1,2,6,5
of Ψ1 be noncontractible in Ψ2, if we assume a green facial cycle of Ψ1 to be noncontractible
in a nonequivalent embedding of Q4 (by symmetry), we obtain a third embedding of Q4, which
is Ψ3. The embedding Ψ3 is also a 4-by-4 grid formed by eight green cycles of Q4, and has 16
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faces bounded by blue cycles. This finishes the proof of Theorem 4.1. 
To close this section, we summarize that a Q4 or a split Q4 has three systems of cycles, called
red, green and blue cycles. Each of these systems has eight cycles. If the graph is Q4, then any
two same colored cycles are edge disjoint, and any two of these three systems form a cycle double
cover of Q4 which provide an embedding of Q4 with corresponding colored faces. The cycles
in the third class form a 4-by-4 grid. Thus we obtain exactly three nonequivalent embeddings
Ψ1,Ψ2,Ψ3 of Q4 in the torus. We discuss the embedding flexibility problem of a split 4-by-4
grid in the next section.
5. Proof of Theorem 1.1
In this section, we prove our main theorem, Theorem 1.1. We first discuss nonequivalent
embeddings of a split 4-by-4 grid.
Lemma 5.1. Let Ψr be a mono-color split 4-by-4 grid obtained by splitting some vertices of Ψ1
along red faces, and Gr be the underline graph. Then Gr has exactly two nonequivalent embed-
dings in the torus, one is Ψr , and the other embedding Ψ ′r can be obtained from Ψ2 by splitting the
corresponding major vertices along blue faces. All red facial cycles in Ψr are noncontractible
cycles in Ψ ′r and all green facial cycles in Ψr are quadrilaterals and they remain to be green
facial cycles in Ψ ′r .
Proof. The graph Gr clearly has two nonequivalent embeddings in T , one is Ψr , and the other
embedding, denoted by Ψ ′r , is obtained from Ψ2 by splitting the corresponding major vertices
along blue faces. Note that all green faces in Ψr are quadrilaterals and they remain to be green
quadrangular faces in Ψ ′r , and all red facial cycles in Ψr are noncontractible cycles in Ψ ′r . We
need to show that if Ψ is an embedding of Gr , then Ψ = Ψr or Ψ = Ψ ′r . Since Gr contains Q4
as a minor and Q4 has exactly three nonequivalent embeddings (Theorem 4.1), Gr can have at
most three nonequivalent embeddings, and if the third embedding Ψ ′′r exists, then Ψ ′′r can be
contracted to Ψ3, and all green facial cycles in Ψr are noncontractible in Ψ ′′r .
Assume Gr = Q4, then Ψr consists of some new branches obtained by splitting some major
vertices along red faces. Without loss of generality, we may assume v1 is split into v′1 and v′′1
such that v′1v′′1 is a new branch which is incident to two red faces, v′1 is adjacent to v4 and v5,
and v′′1 is adjacent to v2 and v13. Now let Ψt be the embedding obtained by contracting all
new branches of Ψr except for the new branch v′1v′′1 . The branch v′1v′′1 is incident to two red
faces bounded by C1′,1′′,2,6,5 and C1′′,1′,4,6,13, respectively. Denote by Gt the underline graph
of Ψt . Let G−t = Gt\{v7, v8, v11, v12}. Since C7,8,12,11 is the facial cycle of a green face of Ψr
and C7,8,12,11 is a noncontractible cycle of Ψ ′′r , similar to Proposition 1 in Section 3, G−t is a
planar graph. However, because of the splitting branch v′1v′′1 , G
−
t does contain a subdivision of
K3,3, with {v′1, v2, v14, v′′1 , v6, v15} as six major vertices. This is a contradiction. Hence the third
embedding Ψ ′′r does not exist, and the lemma is true. 
We have the following parallel result for the graph Gg with a similar argument.
Lemma 5.2. Let Ψg be a mono-color split 4-by-4 grid obtained by splitting some vertices of
Ψ1 along green faces, and Gg be the underline graph. Then Gg has exactly two nonequivalent
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splitting the corresponding major vertices along blue faces. All green facial cycles in Ψg are
noncontractible cycles in Ψ ′g and all red facial cycles in Ψg are quadrilaterals and they remain
to be red facial cycles in Ψ ′g .
With Lemmas 5.1 and 5.2, we can easily prove the following:
Lemma 5.3. Let Ψrg be an embedding obtained from Ψ1 by splitting some i (i > 0) major
vertices along red faces and some other j (j > 0) vertices along green faces (i + j  16), and
Grg be the underline graph of Ψrg . Then Ψrg is the unique embedding of Grg in the torus.
Proof. By Lemmas 5.1 and 5.2, Grg can have at most two embeddings. Suppose Lemma 5.3 is
false, and let Ψ be an embedding of Grg not equivalent to Ψrg . Since there exists a new branch
incident to red faces, Ψrg can be contracted to an embedding Ψr . By Lemma 5.1, all red facial
cycles in Ψr are noncontractible cycles in Ψ , and all green facial cycles of Ψr remain to be
green facial cycles of Ψ (after splitting and restoring the new branches). However, since there
exists a new branch incident to green faces, Ψrg can also be contracted to an embedding Ψg .
By Lemma 5.2, all red facial cycles of Ψg are red facial cycle of Ψ , and all green facial cycles
of Ψg are noncontractible cycles of Ψ (after splitting and restoring the new branches). This
contradiction proves the lemma. 
Let Ψ be Ψ1,Ψr ,Ψg or Ψrg . We now construct a new embedding by adding inner bridges to
some facial cycles of Ψ to obtain a new embedding called Ψib with the underline graph Gib . In
this paper we always assume Gib is 3-connected. Recall that the subembedding of a contractible
cycle C together with its inner bridges is called a planar patch bounded by C. A planar patch P
of Ψib is a red patch (green patch) if C is a red (green) facial cycle of Ψ . An inner bridge B
is rigid if it has two vertices of attachments on two branches that satisfy one of the followings:
(a) both branches are old; (b) if one branch is new and the other is old, then they are not adjacent;
(c) if both branches are new, then they are not adjacent to the same old branch. If an inner
bridge B of a contractible cycle C is not rigid, then all attachments of B on C must belong to
a path L of C which is a single old branch, a path consisting of an old branch and an adjacent
new branch, or a path consisting of an old branch and two adjacent new branches. A patch P is
called rigid if it contains some rigid inner bridges.
Lemma 5.4. Let Ψib be an embedding of Gib defined above and P be a planar patch bounded
by a cycle C. If P is a rigid planar patch then in any embedding Ψ ′ of Gib in the torus, C must
be a contractible cycle and P remains to be a planar patch bounded by C.
Note. If P is not a rigid patch then Gib may have a nonequivalent embedding in the torus and
some inner bridges in P may be contained in different planar patches bounded by different
contractible cycles in the nonequivalent embedding.
Proof of Lemma 5.4. The embedding Ψib is obtained from an embedding Ψ that is Ψ1,Ψr ,Ψg
or Ψrg by adding some inner bridges to some facial cycles (red or green) of Ψ . We may assume
C is a red facial cycle of Ψ . Let H be the underline graph of Ψ . Suppose the lemma is false
and C is an essential cycle of an embedding Φ of Gib which is not equivalent to Ψib . Then Φ
contains a subembedding Φsub which is an embedding of H not equivalent to Ψ . By Theorem 4.1,
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one of the conditions (a)–(c) do not belong to a same green cycle or a blue cycle, therefore any
rigid inner bridge of C cannot be embedded in a green face or a blue face in Φsub. Thus, in order
to embed a rigid inner bridge B of C in any nonequivalent embedding Φsub of H , C must be
contractible (as in Ψ3). Hence the lemma is true. 
Proof of Theorem 1.1. Assume G has at least two nonequivalent embeddings in the torus and
at least one of them, say Ψ , has representativity at least 4. By Theorem 3.3, Ψ contains either a
4-by-4 grid or a split 4-by-4 grid as a sub-embedding, denoted by Ψ ∗. Let G∗ be the underline
graph of Ψ ∗. Since G∗ contains Q4 as a minor, by Theorem 4.1, G∗ can only have at most three
embeddings. Therefore G can have at most three embeddings. Without loss of generality, we
may assume that Ψ ∗ is Ψ1 if Ψ ∗ is a 4-by-4 grid, or Ψ ∗ is obtained from Ψ1 by splitting some
vertices if Ψ ∗ is a split 4-by-4 grid.
We first assume that G has three embeddings. By Lemmas 5.1–5.3, Ψ ∗ cannot be a split
4-by-4 grid, and thus Ψ ∗ = Ψ1. We now show that each facial cycle of Ψ ∗ contains no inner
bridge. Since each red facial cycle of Ψ ∗ is a noncontractible cycle in Ψ2 and each green facial
cycle of Ψ ∗ is a noncontractible cycle in Ψ3, two branches (consecutive or nonconsecutive) of any
facial cycle of Ψ ∗ belong to two different facial cycles in Ψ2 or Ψ3. Therefore any facial cycle L
in Ψ ∗ cannot have any inner bridges that has two attachments belonging to different branches
of L. Thus no facial cycle of Ψ ∗ contains rigid inner bridges. If a facial cycle contains a nonrigid
inner bridge then all attachments of the bridge belong to the same branch of the facial cycle. This
forces that the adjacent face containing this branch as part of the face boundary contains a rigid
bridge since G is 3-connected, a contradiction. Therefore G is Q4 and Theorem 1.1(ii) is true.
We now assume that G has two embeddings. Therefore, either Ψ ∗ is a 4-by-4 grid with some
facial cycles containing inner bridges in Ψ , or Ψ ∗ is a split 4-by-4 grid with possible some facial
cycles containing inner bridges in Ψ ∗. Note that faces of Ψ ∗ are colored by red and green.
Case 1: Ψ ∗ is a 4-by-4 grid with some facial cycles containing inner bridges in Ψ .
By Lemma 5.4, Ψ ∗ cannot have both a red facial cycle and a green facial cycle each contains
a rigid inner bridge. This is because that in a nonequivalent embedding, either red facial cycles
are contractible (as Ψ3), or green facial cycles are contractible (as Ψ2), but not both. On the
other hand, if a facial cycle (say, green facial cycle) contains an inner bridge that is not rigid,
then all attachments of this inner bridge belong to the same old branch vivj . Since G is 3-
connected, it forces that the adjacent red facial cycle C containing vivj must contain a rigid
inner bridge, i.e., the red cycle C bound a rigid planar patch. Therefore all green facial cycles
can only contain nonrigid inner bridges, i.e., each inner bridge contained in a green facial cycle
has all its attachment on a single old branch. Therefore we can expand all the red patches that
are adjacent to green patches (green facial cycle with inner bridges) to form a new 4-by-4 grid.
In the new 4-by-4 grid, all green facial cycles are quadrilaterals without inner bridges, and there
is at least one red patch and each red patch is bounded by a red quadrilateral cycle. Clearly, the
graph has a second embedding which is Ψ3 with all corresponding red patches.
Case 2: Ψ ∗ is a split 4-by-4 grid, with possible some facial cycles containing inner bridges in Ψ .
By Lemma 5.3, Ψ ∗ must be a mono-color splitting since G has two embeddings. We may
assume that all new branches of Ψ ∗ are incident to green faces. Therefore all red facial cycles
60 N. Robertson et al. / Journal of Combinatorial Theory, Series B 98 (2008) 43–61are quadrilaterals. By Lemma 5.2, Ψ ∗ has exactly two embeddings, with the second embedding
obtained from Ψ3 by splitting corresponding major vertices along blue faces. We now consider
the situations that some facial cycles contain inner bridges. Recall that in Ψ3, all green cycles are
noncontractible, by Lemma 5.4 any green facial cycle in Ψ ∗ cannot contain rigid bridges. If a
green facial cycle in Ψ ∗ contains a nonrigid bridges B , then all attachments of B must belong
to a path L which is a single old branch, a path consisting of an old branch and an adjacent
new branch, or a path consisting of an old branch and two adjacent new branches. In any of
these cases, L belongs to the adjacent red facial cycle C. We can extent the adjacent red patch
to obtain a new mono-color split 4-by-4 grid with all splittings along green faces and more faces
of Ψ are contained in red cycles. Repeat this we obtain a mono-color split 4-by-4 grid which
is a subembedding of Ψ with all splittings along green faces, all green cycles contains no inner
bridges, and all inner bridges are attached to quadrilateral red cycle (as red patches). Clearly the
graph has a second embedding which is Ψ3 with all corresponding red patches. This finishes the
whole proof. 
6. Toroidal embeddings with representativity 3
It is natural to ask about the embedding flexibility problem for 3-representative toroidal em-
beddings. The following example shows that it might be a difficult problem. Recall that each
embedding of a graph G induces an embedding of its medial graph M(G), and if G is cubic,
then (1) the induced medial graph M(G) is an embedding of the line graph L(G) of G, and
(2) the embedding of L(G) and the embedding of G have the same representativity.
Example 6.1. We present three nonequivalent embeddings of C3 × C3 as in Fig. 6.1. In
Fig. 6.1(a), C3 × C3 is embedded in the torus as a 3-by-3 grid, with representativity 3. Fig-
ures 6.1(b) and 6.1(c) are two embeddings of C3 × C3 as the line graph L(K3,3). Both em-
beddings of L(K3,3) are induced by embeddings of K3,3 as medial graphs. The embedding in
Fig. 6.1(b) has representativity 2 and the embedding in Fig. 6.1(c) has representativity 1. Note
that the embedding in Fig. 6.1(a) is not an embedding induced as a line graph of K3,3, since K3,3
has no 3-representative embeddings in the torus. More embeddings of L(K3,3) in the torus can
be obtained from these three embeddings by re-embed some edges to change facial walks.
(a) (b) (c)
Fig. 6.1.
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